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Abstract 

We study the a priori estimates, existence/nonexistence of radial 
sign changing solution, and the Palais-Smale characterisation of the 
problem —A^nu — Xu = \u\p~^u,u € H^{M'^) in the hyperbolic space 
where 1 < p < ^^^^ prove the existence of sign 

changing solution to the Hardy-Sobolev-Mazya equation and the crit- 
ical Grushin problem. 



1 Introduction 

In this article we will study compactness properties and the existence/non- 
existence of sign changing solutions of the problem 

- Aj^NU- Xu=\u\P-\,ue H\M^) (1.1) 

where 1 < p < f^, A < and if H®^) denotes the Sobolev space 

on the disc model of the Hyperbolic space and A^jv denotes the Laplace 
Beltrami operator on B^. 

Apart from its own mathematical interest, the equation (11.11) is closely related 
to the study of Hardy-Sobolev-Mazya type equations and Grushin operators 
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under partial symmetry of their solutions(See [7] , [H] , [H] ) ■ 
First consider the Hardy Sobolev Mazya type equations 

-Au- r]-^ = ' ,^ in M", u G D''\W) (1.2) 

\y\ \y\ 

where = M'^ x W''', 2 < k < n,0 < r] < when > 2, r/ = 

when A; = 2,0<t<2 and pt = . A point x G M" is denoted as 

X = {y, z) eR'' X R"-'^ . 

One can see that u G D^'^(]R") is a cyhndrically symmetric solutions of 
(11.21) (i.e., u{x) = u{\y\,z)) iff f = w o M solves fll.ip with dimension 
N = n — k + l,p = pt and \ = r] + ("■~^) where w{r, z) = r^~u{r, z) 

for (r, z) G (0, oo) x M"-'^ and M : 5"-^=+^ ^ (0, oo) x R'^"^ is the standard 
isometry (see (16.301) ) between the and the upper half space model of 
the hyperbolic space (see [7], P for details.) Note that when k = 2 and 
r] = 0, then we have A = {^^y^Y in (II. ip . But in this case the assumption 
u G Hq(M^) has to be replaced by m G "H wich is the completion of C^(B^) 



with the norm I J IVb^vmP — dV^N j ,see [9] for details. 

The critical Grushin-type equations are given by 

Ayif + {l + ay\y\'^''A,if + !fQ^ = (y, 2) G R^ x R^ (1.3) 



where a > 0, Q = k + h{l + a) ,k,h > 1 . The equation (11. 3p can be 
considered as the Euler-Lagrange equation satisfied by the extremals of the 
weighted Sobolev inequality 

\u\^^dydz\ < J {\Vyu\'^ + {a + lf\y\'^'^\VM'^)dydz (1.4) 

Connections between Grushin operators and hyperbolic geometry were ob- 
served by Beckner [3]. As before (f is a cyhndrically symmetric solution 
of (OD with := / {\Vyu\'^ + {a + iy \y\'^''\V,u\'^)dy dz < 00, iS u = 

$ o M solves (dH]) with 



N = h + 1, X = - 
4 



a + r 



p = < 2* - 1 

^ Q-2 



2 



where $(r, = r2(i+") if[r'^+°',z), r = \y\, Here again when A = {^^^Y in 
(11 -ip the assumption u G Hq(M'^) has to be replaced hj u eH. 

Positive solutions of (11. ip has been extensively studied in |9]. In fact it 
was shown in that (11.11) has a positive solution iff either 1 < p < and 
A < or p = f^,^^^ < A < and N > 4. The solutions are 

also shown to be unique up to isometries (except in = 2 where there is a 
restriction on p). 

In this article we focus on sign changing solutions of (II. ip . The subcritical 
case is quite different from the critical case where the lack of compactness of 
the problem comes in to picture. We will present this compactness analysis 
in Section 3, Theorem 13.11 and Theorem 13.31 In section 4, we will some ap- 
priori estimates on the solution. In the fifth section we will prove our main 
existence results Theorem 15.11 Theorem 15.21 Theorem 15.31 and Theorem 15. 5[ 
Some preliminaries about Hyperbolic space are discussed in the appendix. 



2 Priliminaries 

Let := {x e : |x| < 1} denotes the unit disc in M^. The space 
endowed with the Riemannian metric g given by gij = (Yz^)^^ij is called 
the ball model of the Hyperbolic space. 

We will denote the associated hyperbolic volume by dV^N and is given by 
dV^N = {jz^^)^dx. The hyperbolic gradient V^n and the hyperbolic Lapla- 
cian Agiv are given by 

Vn. = {^—^rV, AB. = (i^fA + (iV-2)i^<x,V> 

Let H\M^) denotes the Sobolev space on B with the above metric g, then 
we have H\M^) ^ Lp{M^) for 2 < p < ^ when > 3 and p > 2 when 
N = 2. In fact we have the following Poincare-Sobolev inequality (See p|) : 
For every > 3 and every p G (2, ■^^] there is an optimal constant 
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Sn,p,x > such that 

/ \ i 

r [ in - 1)2 

u\PdVnN I < / |Vb^m|^ - ^ — -^u 




dV^N (2.5) 



for every u G H^{M^). Existence of exremals for (12.51) and their uniqueness 
has been studied in |9]. If = 2 any p > 2 is allowed (See [2], [10] for a 
more precise embedding in this case). 

Thanks to (12.51) solutions of (II. ip can be characterised as the critical points 
of the energy functional I\ given by 

^a(m) = ^ / O^b^^Ib^ - ^u'']dVnM ^— [ \u\P^'dVm (2.6) 

Conformal change of metric. Let / : M — )■ be a conformal diffeomor- 
phism between two Riemannian manifolds (M, g) and {N, h) of dimension 

4 

> 3, i.e., f*h = (f)N-2g for some positive function (f). Consider the equa- 
tions 

"^9^ + 7777 -TSgU=\u\^u on M (2.7) 



4(A^- 1) 
A^-2 
4(iV-l) 



- 2 4 
- AhV + —— — — S/if = |f on A^ (2. 



where Ag, Sg and Ah, Sh are the Laplace Beltrami operators and scalar cur- 
vatures on M and A^ respectively. Then if f is a solution of (12. Sp . then 

2 A/" 2N 

u = (j)(v o /) is a solution of (12. 7p . Moreover J \u\^^dVM = J \v\^^dVisi if 

M N 

one of the integral is finite. 

As an easy consequence, if r G /(B^) the isometry group of and u any 
solution of (II. ip then v = uor is again a solution of (II. ip and Ix{u) = Ix{v). 
See the appendix for details about the isometry group I(M^). 



4 

As another consequence, noting that the hyperbolic metric g = (p^-^ge where 

N-2 

ge is the Euclidean metric on B^, = ^j^^j ^ and the scalar curvature 
of g is —N{N — 1) we see that u is a solution of (II. ip with p = iff 

^ = ( i-^a;|2 j solves the Euclidean equation 

-Av-~x( '^—]v=\v\^2v^veH^iM^) (2.9) 



1 — \x\ 
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where A = (A — ^[i^L^y Let us denote the energy functional corresponding 
to ([53]) by 

Mv) = \[ 0V^P-A(-4n^)^^]rfx--l-/ Ivr^dx (2.10) 

Then for any u E iJ^(B^) if u is defined as tt = f yz^) u then Ix{u) = 
Jx{v) .Moreover = (J^(£t),?)) where v is defined in the same way. 

3 Compactness and non-compactness 

In this section we will study the compactness properties of (11. ip . Let u G 
H^(E^) and 6„ G such that 6„ — )■ oo and r„ be the Hyperbolic trans- 
lations(see Appendix) such that x„(0) = 6„. Define u„ = u o r„, then 
\\un\\ = \\u\\ but ^ in H^(M^). This shows that the embedding 
H\M^) ^ LP(B^) is not compact for any 2 < p < -^Z2- Hence the problem 
(II. ip is non compact even in the subcritical case. Below we will show that 
we can overcome this problem in the subcritical case by restricting to the 
radial situation. The critical case is more involved, we will show that the 
noncompactness can occur through two profiles. 

3.1 The radial case. 

Let Hl{B>^) denotes the subspace 

Hl{M^) = {ue H^{B^) : u is radial} 

Since the hyperbolic sphere with centre G B^ is also a Euclidean sphere 
with centre G B^ (See the appendix), if^(B^) can also be seen as the 
subspace consisting of Hyperbolic radial functions. 

Theorem 3.1. The embedding Hl{M^) ^ Lp(B^) for 2 < p < 2* is com- 
pact. 
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Proof. Let u e H^{M^) then u{x) — u{\x\), by denoting the radial function 
by u itself. Then 



where cuat-i is the surface area of S^^^. Thus for u e if^(]B^) 



— — u'{s)ds 

J\x\ 

^ II II ^1 - 1 

< ^Ar-ill^llifi(B^)(- ^ TTK 

^ \X\ 2 

Let {um} be a bounded sequence in iJ,^(]B^). Then upto a subsequence we 
may assume Um ^ m in if^(B^) and pointwise . To complete the proof we 
need to show now Urr, ^ u in U'(M^). 



j 



\Um\^dVTsN = / lUml^dV^N + / \Um\^dVnN. 
'B^ J\x\<^ J\x\>^ 

The convergence of 1st integral follows from Relich's compactness theorem. 
The convergence of 2nd integral follows from the dominated convergence 
theorem as in > |} we have the estimate \um{x)\^ < C(^ ^~!^^ ) ^ ^ and 

J\X\>^ ^ J\X\>^ ^ 

provided p > 2. This completes the proof. □ 
But the above theorem fails for p = 2 and 2*. 

3.2 Palais Smale Characterisation 

In this section we study the Palais Smale sequences of the problem 
-A^NU-Xu = \u\P~^u in 



(3.11) 



where < A < (^^^2^)^ and l<p<2* — 1 = ^^l. To be precise define the 
associated energy functional I\ as 

h{u) = \ j [\W^Nu\l^ - \u^]dV^N - [ l^r+WBiv (3.12) 

We say a sequence m„ G H^{M^) is a Palais Smale sequence ( PS sequence) 
for I\ at a level d if I\{un) d and I'xiun) — )■ in i/^^(B^). One can easily 
see that PS sequences are bounded. Therefore if we restrict Ix to if^(B^) 
and p < then it follows from Theorem 13.11 that every PS sequence has 
a convergent subsequence. This is not the case if we relax either one of the 
above conditions as we will see below. In this section we will analyse this 
lack of compactness of PS sequences. 

First observe that the equation fl3.1ip is invariant under isometrics, i.e., if 
M is a solution of (13.1 ip and r G /(B^), then v = u o t is also a solution of 
(13. lip . Thus for a solution U of (13. lip , if we define 

Un = U OTn (3.13) 

where r„ G /(B^) with 7:„(0) — t- 00, then Un is a PS sequence converging 

weakly to zero. We will see that in the subcritical case noncompact PS 

sequences are made of finitely many sequnces of type (I3.13P . 

However in the critical case p = 2* — 1 we can exhibit another PS sequence 

coming from the concentration phenomenon. 

Let be a solution of the equation 

-AV = \Vf-^V, V^gZ^'''(M^) (3.14) 

The associated energy JiV) is given by 

AV) = \I \^V\'dx-^! \Vfdx (3.15) 

Fix xq G B^ and (j) G C^{M^) such that < (/) < 1 and </> = 1 in a 
neighborhood of xq. Define 

N-2 

\ \x\ \ 2 2-iV 

0(x)e„^ V{{x-Xo)/en) (3.16) 



where e„ > and e„ — j- 0, then direct calculation shows that w„ is also a PS 
sequence. Moreover we have 
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Lemma 3.2. Let Un he a PS sequence of fl3.1ip . and Tn G /(B^) then 
Vn '■= Un o Tn is ttlso tt PS sequence of (13.111) . 

Thus if Tn G I{M^) and Vn as in fl3.16p then Un = Vn o t„ is also a PS se- 
quence. We show that any PS sequence is essentially a superposition of the 
above type of PS sequences. 

Theorem 3.3. Let Un G H^{^^) he a PS sequence of I\ at a level d > 0. 
Then 3ni,n2 G N and functions m{ G H^M^), < j < rii, G H\M^), 
< k < n2 and u G H^{M^) s.t upto a suhsequence 

ni 712 

j=l k=l 

where I'xiu) = 0, v'^ are PS sequences of the form Ii3.13\) and Ii3.16\) 
respectively and o(l) — t- m H^{M^). Moreover 

ril n2 

d = h{u) + hiU,) + J^^k) + oil) 

3=1 k=l 

where Uj,Vk are the solutions of fl3.1ip and fl3.14p corresponding to ui^,and 

n 

Classifiacation of PS sequences has been done for various problems in bounded 
domains in and on compact Riemannian manifolds, where the lack of 
compactness is due to the concentration phenomenon (See [I5],[T3],[5],... and 
the references therein). However the present case should be compared with 
the case of infinite volume case, say the critical equations in R^. In this case 
lack of compactness can occur through vanishing of the mass (in the sense 
of the concentration compactness of Lions). However in the Euclidean case 
by dialating a given sequence we can assume that all the functions involved 
has a fixed positive mass in a given ball and hence we can overcome the 
vanishing of the mass. However in the case of this is not possible as the 
conformal group of B^ is the same as the isometry group. We will overcome 
this difficulty by doing a concentration function type argyment near infinity. 
For this purpose let us define 
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Definition 3.4. For r > 0, define Sr ■= {x E M" : |xp = 1 + r^} and for 

a G Sr define 

A{a,r) = B{a,r) nM^ 

where B{a, r) is the open ball in the Euclidean space with center a and radius 
r > 0. 

Note that for the above choice of a and r, dB{a,r) is orthogonal to S^~^. 
We also have, 

Lemma 3.5. Let ri > 0,r2 > and A{ai,ri),i = 1,2 be as in the above 
definition, then there exists r G /(B^) such that r(y4(ai,ri)) = A(a2,r2). 

Proof. Let M : — )■ M.^ be the standard isometry between the ball model 
and the upper half space model H^. Since M is the restriction to B^ of 
a conformal map of the extended Euclidean space U {oo}, we see that the 
sphere S{a, r) is orthogonal to S^~^ iff M{S{a, r)) is a sphere in orthog- 
onal to M^~^ x {0}. Thus M(A(ai,ri)) is of the form M^nB(ai,fi). Now the 
map T{x) = a2 + ^{x — ai) is an isometry in and maps fl B{ai,ri) 
on to n B{d2,f2)- Hence T = M"^ o f{x) o M is in J(B^) and maps 
A{ai,ri) to A{a2,r2). 

□ 

Proof of Theorem \3.3[ From standard arguments it follows that any PS 
sequence is bounded in H^(M^) . More precisely I\{un) = d + o(l) and 
{l[{un),Un) = o(l)||u„||, computlug hM " ^(/^(m„),m„) we get 

< C + 0{l)\\Un\\Hm 

and hence boundedness follows. Thus up to a subsequence we may assume 
Un^u in H\M^). 



Step 1. In this step we will prove the theorem when u = 0. 
Proof. Since sm„ is a PS sequence we have 



VaivUnliiV - >^U^„\dV^N = / \Un\'^^^dV^N + o{l] 



Since the square root of LHS is an equivalent norm in H\M^) and Un does 
not converge strongly to zero we get 



liminf / \un\'^+^dVnN > S' > 0. 



p+1 

Let us fix 5 > such that < 2S < S' < S^~^ . Let us define the concentration 
function Qn '■ (0, oo) — )■ M as follows. 

Qn{r) = sup / |M„|^+M\4iv. 

xeSr J A{x,r) 

Now \im.Qn{r) = 0,and lim (5„(r) > 5 as for large r,A{x,r) approximates 

r— >0 r—^oo 

the intersection of with a half space {y G : y ■ x > 0}. Therefore we 
can choose a sequence Rn > and x„ G Sr^ s.t 

sup / \Unf~^^dV^N = / \Un\^^^dV^N = 5. 

x<^Sr^ Ja{x,R„) JA{x„,Rn) 

Fix xq G and using Lemma [3751 choose T„ G /(B^) such that = 
Tn{A(xo, \/3)). Now define 

Vnix) = M„oT„(x) 

Since T„ is an isometry one can easily see that {vn} is a PS sequence of /a 
at the same level as m„ and 



[ Ivnl^^^dV^N = [ \un\^+^dV^N = S= sup [ 

Ja{xo,V3) JA{x„,R„) x£S^Ja{x,V3) 



\Vn\'"-'dV^N 

(3.17) 

and I |wn| — WuuWhx- Therefore upto a subsequence we may assume f „ ^ f 
in if^(B^), Vn V in L^q^(B^), 2 < q < 2* and pointwise. Moreover v solves 
the equation (13. lip . Let us consider the two cases: 



Case 1: V = 

First we will claim that 

Claim: For any 1 > r > 2 — y/S 



[ Kl^^'dV^N = 0(1) 

JBJVn{|x|>r} 
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To do this let us fix a point a E S^. Let (p E C^{A(a,\/3)) such that 
< < 1 where A{a, ^3) = B{a, Vs) n 1^ B{a, VS) is the Euchdean ball 
with center a and radius a/3. Now 



<Vn,tjj>H^= / \Vn\^ ^n^dV^N + o{l) 

for every ip E H^(M'^). Now putting ip = in the above identity we get 

< Vn, 4>^Vn >Hx= / \Vn\^~^ {(pyn)^ dV^N + o(l) 

A simple computation gives 



|2 



< VnA'^^n >H^ = I [\^M'^{(f>Vn)\lN - i^——^fvl\\7(j)\'^ - X{(f)Vny]dVMN 



2 

|2 



^supp </> ^ 
I 1^+0(1) 



Thus 



ll'/'^nlll, = / \Vnr\(l)V^)''dVMN + 0(1) (3.18) 

Now using fl3.18p . Cauchy-Schwartz and the Poincare-Sobolev inequality 
we get 



5A,iv,p( / iHnr' dV^N)^ < ( / \(Pvn\''^'dV^N)^^{ / r+^cil^Biv ) ^ 

JB^ JA(a,V3) 

Now if Jjgjv |0f„p^"^(il^jv T^- as n — 7- oo we get 

6^ < Sx,N,p < ( / Ivnl^^^dV^N)^ < 5^ 

JA(a,V3) 

which is a contradiction. This implies 

[ {(Pvnf^'dVMN ^ 0. (3.19) 
Since a E is arbitrary, the claim foUws. 

If 1 < p < 2* - 1 this together with the fact that in Lf+^''TO^^ 



loc 
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immediately gives a contradiction to f l3.17p .Thus let us assume p = 2* — 1. 
Fix 2- 73 < r < i? < 1 and choose 6 e C^{n^) such that < ^ < 1, e{x) = 
1 for |x| < r and 6{x) = for \x\ > R. 

Define tJ„ = 6vn, then the above claim shows that Vn is again a PS sequence 
and Vn = Vn + o(l) where o(l) — in H^{M^). Let us consider a conformal 
change of the metric, from the hyperbolic to the Eucledean metric. Define 

N-2 

Vn = ^Yz^j ^ Vn then Vn € Hq{B{0, R)) and is a PS sequence for the 
problem 

- Aw = a{x)w + \w\'^'''^w, w e H^iB{0,R)) (3.20) 

where a is a smooth bounded function in B{0, R) given by a{x) = ^^^^z^^^- 
Now it follows from the PS sequence characterization of (I3.2UI) (see for ex- 
ample [U]) that 

"2 

k=l 

where to^ is of the form 

<(x) = 0(x)e„2 Vk{{x - <)/e„) 

where e„ > 0, < 2 — -\/3, e„ — )■ 0, a;,^ — )■ a;'^ as n — )■ oo, V^'s are solutions 
of fimj) and (j) G C,°°(B^) such that < < l,0(x) = 1 for |a;| < r and 
0(x) = for \x\ > R. Moreover the associated energy J\{vn) is given by 

rt2 



Jx{Vn)=Y,J(^k)+0{l) 



k=l 



where Jx and J are as in (12.101) and (I3.15p . Thus 



\x\ 



= ^^n + o(l) = ( T—TJ^] + ^(1) = + ^^^^ 



fe=l 



where v^^ = [^jz\^) w^- 

Hence the theorem follows in this case. 



Case 2: V y^O 

Define, iu„(x) = v o T^^(x) Since v solves (13.111) . Wn is a PS sequence. More- 
over since m„ ^ in if^(B^), we have T~^(0) — )■ oo and hence Wn is a PS 
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sequence of the form fl3.13l) . We claim that 

Claim : Un — Wn is a PS sequence of Ix at level d — Ix{v). 

Since f „ ^ f we have HVBivfnlli = llViivf II2 + ||VBiv(fn — f)||2 + o(l) Also 

from the Brezis Lieb Lemma, we have H^nlli = Il'^ll2 + Il('^n~'^)ll2 + ^(1) 



n\\p+i = ll'^llp+1 + IK'^n — '^)llp+i + Combining these facts with the 

invariance of Ix under the action of J(B^), we get 

Ix{Un - Wn) = h{Vn - v) = Ix{,Vn) - h{v) + o(l) = /a(m„) - Ix{Wn) + o(l) 

Next we show that — w„ is a PS sequence of Ix- 
First note that /^(m„-w„)(0) = /^(f„-f)(0„) where 0„ = 0oT„, 



Now to show \Ix{vn — f)(0„)| = o(||0„||) we need to basically prove 

Kr'Vn - \vr'v - \Vn ' V^'iVn - v))<PMn = o(||0„||) (3.21) 

because the linear part follows easily. Using the Holder inequaliy the L.H.S 
of (13.21 1) can be estimated by 



71 + 2 

2n 



standard arguments using Vitali's convergence theorem shows that the term 
inside bracket is of o(l). this proves the claim. 

In view of the above claim if m„ — Wn does not converge to zero in II^(M^) 
we can repeat the above procedure for the PS sequence m„ — w„ to land in 
case 1 or case 2. In the first case we are through and in the second case 
either we will end up with a converging PS sequence or else we will repeat 
the process. But this process has to stop in finitely many stages as any PS 
sequence has nonnegative energy and each stage we are reducing the energy 
by a fixed positive constant. This proves Step 1. 



Step 2: Let m„ be a PS sequence. Then we know that m„ is bounded and 
hence going to a subsequence if necessary we may assume that m„ ^ m in 
if^(B^), pointwise and in Lf^J'(E^). Thus as before we can show that Un — u 
is a PS sequence converging weakly to zero, at level d — Ix{u). Now the 
theorem follows from Step 1. 
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4 A priori estimates 



From the standard elliptic theory we know that the solutions of (11. ip are in 
C'^[M^). But we do not have any information on the nature of solution as 
X — )■ oo (equivalently as |x| — )■ 1). If m is a positive solution of (11. ip . then u 
is radial with respect to a point and the exact behaviour of u{x) as x — i- oo 
has been obtained in [9j by analysing the corresponding ode. In the general 
case we prove 

Theorem 4.1. Let u be a solution of U.l]) then u{x) — )■ and \ V^nu{x) |^iv — > 
as X —)■ oo m B^. In particular u G L°^(B^). 

Proof. We will prove the theorem in a few steps. First we will show that u 
is bounded. 

Step 1: Let < -R < 2R < | < 1 then there exists q > 2* and a constant 
C > such that \u o r|i5(B(o,R)) < C for all r G /(B^). 

Proof of step 1: Since m o r is also a solution of the same equation for any 
T G /(B^) , we will prove this step by proving a bound on \u\Lq(^B{o,R)) and 
observing that the bound remains the same if u is replaced by m o r. 
Define, u = + 1 and 



For /3 > define the test function v = as = ip^{u'^u — 1) where 
^ G Co^(B^),0 < ^ < 1, = 1 in 5(0,r,+i), supp(/^ C 5(0, r^), R < r^+i < 
n < 2R and iVy^l < 

Then < f G ifg (5(0, rj)) and hence from (11.11) we can write 



m 



u if u < m 



1 + m if u > m 




uvdV^N 



Now substituting v we get 
L.H.S= 




[u'^J^<^'^VuVu+2Pu'^J^--^u^^VuVu^+2^{u^J^u-l)Vu 
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In the support of 1st integral Vu = Vm, and in the support of 2nd integral 
Um = u, = Vm. Therfore using Cauchy-Schwartz along with the above 
fact we get 



L.H.S >\! u^J!(f^\VMNu\lNdV^N +2P I u'^J^!f'^\VMNUm\lNdV^N 

- 2 / u^^u'\VMN^\lNdV^N (4.22) 



So we have 



< X [ ^\uiufdV^N + / \ur\uluf^^dV^N 



+ 2 / {uiuf\V^N^\^dV^N (4.23) 

Now set u^u = w then we get 

^'\Vw\' < (1 + ^)«| V«™| V + (1 + ey^lVuW 
Now choosing e = we get 



4(1 + 2/3) 

+ 2(1^'^^''"' 



Now using < ^ and f l423|) 
1 



4(1 + 2/3) 



\VM^{ipw)\^dVaN < I [X + \u\P-^]{ipwydV^ 

B{o,n) 



{ri - rj+i)2 

Therefore, 

1 



+ 7 / w^dV^N (4.24) 

B(0,r,) 



4(1 + 2/3) 



|VBiv(9?w)|WBiV < M{R) / |w^|WBiV 

^5(0,2/?) 

+ [ \u\''-\ipwfdVMN (4.25) 
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Now for any K > 



+ (/ \uY dV^N) — { {^wy-^+^dVi 

'\u\>K Jm^ 



O* p-l , I , 2-2* 2*-p+l 



Now if = 2* — 1 then choose K > Q large enough so that 

I |2* -'- 

'\u\>K 



8(1 + 2/3) 

and if p < 2* — 1 then choose > large enough so that 
\ufdV^NY-^\V^M{B{Q,2R))\l-^ < 

\u\>K 



1 + 2/3) 



where g = 2*^-p+i ■ ^^^^ both the cases 

/ \u\P-\ipwfdV^N < ^ I \VMN{vw)\lMdV^N (4.26) 

J\u\>K Oil + Jb'V 

Hence from fl4.25p we get 

\VnN{(pw)\^dV^N < C{R) I \w\^dV-^N 

Jb{0,2R) 

Now notice that, < w = u^u < u^^^. Now if we choose 2(/3 + 1) = 2*, 
i.e. (3 = then we can write 

( / w(f+i)2*ciMB-)^ < C{R) I u'*dV^. 

Jb{0,R) Jb(0,2R) 

Now letting m — )■ oo we get 



B(O,i?0 



Hi 



Hence u G L^^^^^^* (5(0, i?)) and |M|L(/3+i)2*(B(o,i?)) < C{N,u, 
Now note that dependence of the constant C on m is because of the fact that 
constant K in fl4.26p depends on u. Now 



■U r dVMN) 2* < 



l«l>x 



1 + 2/3) 
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implies (Jj^|>^ {vl"^' dV^N)^2* < ^,^1^213) where w = m o r for r G /(B^). Hence 
Step 1 follows. 



Step 2: Let R be as in Step 1, then there exists C > such that sup |uor| < 

B{0,R) 

C, for all T G /(B^) and hence u is bounded. 



Proof: As in the previous step we will prove sup |m| < C and the constant 

B(0,R) 

remains unchanged if u is replaced by m o r. 

Thanks to the Step 1 we have A + G -^^(02/?) some g > y. Define, 

A+ 1^1^"^ = g, hence Is'IlI^.q^h) — ^(^A\'^\\h^{^^))- ^T^^m the expression 



\VMN{'^w)\^dV^N < C{R,\\u\\HyM'^))\{vw) 



fl4.24p of step 1 we can see that 

4(1 + 2/3) A- ^'"^ - -v"'M-M.n--;.iv^-. IL. 

where ^ + ^ = 1. Since q > ^ ^ q < jf^ = r(say). Now let ^ = + 
then using interpolation inequality we get 

where 9 depends on N,t,q . Note that 2r = 2*. Therefore, 



Hence 

|(<^w)\,' < Ce\VMN{(pw)\l2^^N) + Ce-"\{ipwy 
Now choosing e suitably we can write from fl4.27p 

(jh _|_ ^'j" r 
\VMN{ipw)\'^dVMN < / w^dVm 

[Vi — Tj+ij JB(0,ri) 

where C depends on | |m| Iji^i^jgiV), A^. Now using Poincare-Sobolev inequality 
in the above expression we get 

w^-^dV^N) N < ' / w^dV^N 
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Now using X = j^Z2 > ^, w = u^u, Um < u and 7 = 2(/3 + 1) we get 

JB{0,ri+i) [ri—ri+i) J B{0,ri) 

Now letting m — )■ 00 we get 

JB{0,ri+i) [n—ri+l) JB{0,ri) 

provided \u\Li(^Bio,ri)) is finite. C is a positive constant independent of 7. 
Now we will complete the proof by iterating the above relation. Let us take 
7 = 2, 2x, 2x^... i.e. 7^ = 2%* for i = 0, 1, 2,... = + ^. Hence for 7 = 7i 
we get 

{[ u'^'+'dV^N)'^ <C^{ [ u'^'dV^N)^^ 

JB{0,n+i) JB{0,r,) 

C > 1 is a constant depends on R, N, \ \u\\jji(]^Ny Now by iteration we obtain 

J B{Q,ri+i) Jb{0,2R) 

Letting z — ^ 00 we obtain 

sup U < C\u\l^B{0,2R)) < Ci\\u\\h\mn) < C\\u\\h^ 
B{0,R) 

Hence is bounded in -8(0, R). Applying the same argument to —u instead 
of u we get u~ is also bounded by the same. Since we can take r = r^, the 
hyperbolic translation for any b G we get sup \ u\ < C. 

Step 3: u{x) — )• and |VB^vM(a;)|B]v — )■ as x — )■ 00 in B^. 

Proof: Let 6„ G B^ such that 6„ — 00. Let r„ G /(B^) be the hyperbolic 
isometry such that r„(0) = 6„. Define f„ = u o r„, then we know that 
f „ ^ in if^(B^). Since f„'s are uniformly bounded and Vn satisfies (11.11) . 
we get Aajvfn is uniformly bounded and hence f^i's are uniformly bounded 
in (B^), Vp, 1 < p < 00. Combining with Sobolev embedding theorem 
we get w„ in C^{B{{),\)). In prticular |t;„(0)| and |Vvn(0)| 0. 
Writing in terms of m, we get |'u(6„)| — )• and (1 — |&„,p)| Vm(6„)| — )■ 0. Now 
the theorem follows as \VnNu{x)\'^i^ = (jz^)^! VbjvuP = (^— ^)^|VMp. □ 
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Next we prove an improvement of the above result under some restrictions 
on A. 

Theorem 4.2. // u is solution to the equation fll.ip and A < ^'-^"^^ then 



2 , JV-2 



Proof. First consider the case p = 2* — 1. In this case using the conformal 
change of metric we know that if u solves (11.11) then v = solves 
(12 .Bp . Now if A < ^'■^"^^ then A < 0. Thus, enough to prove 
Claim: v e L°°(B^) 

From standard elliptic theorey we know that v G C^(B^). Now to prove the 
bound near infinity, we do a Moser iteration. Fix a point Xq G such that 
|xo| = 1. Define v = + 1 and 

Vm = V if V < m 

= 1 + m if V > m 

For (3 > and x G define the test function w = as W/3 = ip^iyfj^v — 1) 
where ip G C^(R^),0 < < 1, = 1 in _B(xo, Tj+i), suppy^ C S(xo,'rj), 
R < Ti+i <n<2R<\ and |V<^| < 

Then < ^x; G i^o(®^) and hence from ([22]) we can write 



/ {Vv,Vw)dx = \ [ (- — '^-—^fvwdx+ [ 
JB^ Jb^ 1 ~ fI Jb 



v\ vwdx 



Now substituting w we get 
L.H.S= 



Again as in Step 1 of Theorem 14.11 we get 



i / v'^^'\Vv\'dx + 2/3 v^^^'\Vvm?dx 
Jb^ Jb'v 

< a/ {-^)WmVfdx+ ! \vr-\vtvWdx 

J^N i — \X\ J^N 

+ 2 [ iv^^v)'\V^\'dx (4.2^ 
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Since A < we can ignore the term which contains singularity at the origin 
to obtain 

<[ \vr-\vivWdx + 2 f {vivf\y^\'dx 

Now we can do the standard Moser iteration techniques as in Step 1 and 
Step 2 of Theorem lO to conclude v G L°°(5(xo, R)nM^). Since Xq is arbi- 
trary and we can cover H {x : |x| > -^j by finitely many sets of the form 
B{xo, R) n the claim follows. 



When p < 2* — 1, the conformal change will give us an equation of the form 



1 — \x\ 



Av-X[- —TTT V = -^^———,v e H, 





\v\ 


\pt 




(1 






\x\ 





'0^ 



where t = N — ^^-^^{p + 1). Again one can proceed as before to do a Moser 
iteration to get the result. Of course while estimating the terms on the RHS 



_2_ 

Pt 



m 



one has to use the Hardy inequality / \\/u\'^dx > C j / jj^i^^dx 

B^ \B^ 

place of the usual Sobolev inequality. □ 



5 Existence and Non Existence of sign chang- 
ing radial solutions 

In this section we will study the existence and non existence of sign changing 
solutions of the problem 

—A^nu — Am = |m|^^"'"'U in B 
u e H\M^) 

where A < and 1< p < f±|. 

We will see below that there is a significant difference between the cases 
1 < p < and p = jf^- In the subcritical case we have 
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Theorem 5.1. Let 1 < p < ^^f, then there exists a sequence of solutions 
Uk of fl5.29p such that | |Myfc| | — )■ oo as A; — )► oo. 

Remark 1. The above result holds when A = {^^^Y, with Uk & T-L and the 
corresponding norm goes to infinity as k oo. 

As an immediate corollary we obtain the existence of sign changing solutions 
for the Hardy-Sobolev-Mazya equation and the critical Grushin equation. 

Theorem 5.2. The Hardy-Sobolev-Mazya equation (11. 2p admits a sequence 
Vk of sign changing solutions such that ||VfA;||2 — ?■ oo as A; — > oo. 

Proof. As mentioned in the introduction cylindrically symmetric solutions of 
fll.2p are in one one correspondence with the solutions of ( II. ip with N = 
n — k + 1 and p = pt . One can easily see that p = pt < thus Theorem 
15.11 apply . Let Vk be the solution of (11. 2p corresponding to Uk, then since 
I l-Ujtl I — )• oo we get ||Vffc||2 oo (see |9j, section 6, for details). □ 

Similarly we have 

Theorem 5.3. The critical Grushin equation (II. 3p admits a sequence Vk of 
sign changing solutions such that |||ffc|||2 — t- oo as /c —t- oo. 

However in the critical case (I5.29P does not have a solution always. In fact 
it follows from the results in [T3] that the Dirichlet problem 

N+2 

— Ajbjvu — Am = M'v-z in fi, m > in f2, u = on oVt 

does not have a solution in a bounded star shaped domain C if = 3 or 
A < :^^Mz^. Non existence of positive solution to (I5.29P in the case of A^ = 3 
or A < was established in (P]). Since the existence of a nontrivial 

sign changing radial solution to (I5.29P gives a solution to the above problem 
in a geodesic ball we conclude: 

Theorem 5.4. Letp = ^^f, then the equation (I5.29p does not have a radial 
sign changing solution if X < or A^ = 3. 
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Theorem 5.5. Let p = then the Equation fl5.29p has at least two pairs 
of non-trivial radial solutions if N > 7 and < A < {^^^-^Y- 

Solutions of f l5.29p is in one to one correspondence with the critical points of 
the functional 

= 11 (|Vb^m|2 - Xu^)dV^N - [ \u\^+'dVMN,u G /fi(B^). 

^ Jbn p + L J^n 

From the Poincare-Sobolev inequality we know that J is well defined and 
in if^(B^). The main difficulty in finding critical points of J is due to the 
lack of compactness, which we have already analysed in the last section. 

Proof of Theorem [SUl Thanks to Theorem J : H^{M^) M satisfies 
the Palais-Smale condition and hence using the standard arguments using 
genus as in Ambrosetti-Rabinowitz ( [1] Theorems 3.13 , 3.14 ) we get a se- 
qunce Uk, k = 1,2, ... of critical points for J\h^(m^) with oo. Also we 

know that the critical points of J\h}{m^) cire critical points of J in H^{M^) 
(see [11]) as well, this proves the theorem. 



Proof of Theorem 15.51 We know from [9j that fl5.29p has a unique positive 
raidal solution say uq. In order to prove the existence of a sign changing 
solution we proceed as in [6j (see [16] for the same kind of result on compact 
Riemannian manifolds). 

First recall that the unique positive radial solution uq satisfies 

1 E. 

-S,^ =h{uo)=Mh{u) 
where is the Nehari manifold 
Af = \ueH\M^)\{0} : [ {\Vmnu\^ - Xu^)dV^N = [ \u\P+^dV^N\ 

I JB'v Jbn J 

Next observe that if m is a sign changing solution then G A/". Thus to 
look for a sign changing radial solution we need to look at only the H^{M^) 
function whose positive and negative parts are in A/". More precisely let us 
define for u G H^{M^) \ {0} 



/a(«) 



/sivdViivMlBiV - Xu'^)dVsN 
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and /a(0) = 0. Let Afi and U be defines as 

Af, = {ue HliM'') : = /.(n") = 1} 

U = {ueH^{M^):\Mu^)-l\<^-}. 

We can easily check that U ^ (!) and the Poincare Sobolev inequahty tells us 
that there exists a > such that u & U ^ \ \ > ct- 

Claim: Let /3 = inf Ix(u) then there exists a PS sequence {un} of Ix at the 
level (5 such that Un & U for all n. Moreover [3 satisfies the estimate 



Assuming the claim, let us observe from Theorem (13.31) that the PS sequence 
otained in the above claim must be of the form u„ = u + o{l) where u is 
a nontrivial solution of f l5.29p . Since I\{u) = /3 we immediately see that u 
changes sign and hence the theorem follows. Now it remains to prove the 
claim. 

Proof of claim: Existence of the PS sequence at level f3 follows exactly as in 
[6]. We will just outline the arguments and refer to ^ and the references 
therein for details. 

Let us define P to be the cone of non negative functions in /J^(B^) and E be 
the collection of maps a G C{Q, H^{M'^)) where Q = [0, 1] x [0, 1], satisfying 

a(s,0) = 0, a{0,t)eP, a(l,t) G -P, (h o cj){s,l) < 0, /a o 1) > 2 

for all s,t G [0, 1]. The very same arguments used in [6] tells us that 

/3 = inf sup Ix{u). 

If /3 is not a critical level then we can use a variant of the standard deforma- 
tion lemma to conclude that the above min max level can be further lowered 
leading to a contradiction (See [6] for details). Thus the crucial step to prove 
is the estimate on /3. Let G C^{M^) such that < < 1 and = 1 on 
|x| < r where < r < 1. Define as 

Ve{x) = 4>{x) 



+ \x\ 
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Define 



Ue{x) = ( ) 2 Vs{x) 



Let Mo be the unique positive solution of fl5.29p tlien for suitable a,b E 
M, — s)auo + bsue] G E. Thus the estimate on 13 follows once we show 
that 

1/4 JV 

sup h{auo + hUe) <^r\S^ + S 2 
Making a conformal change enough to show that 



1 f K 

sup J\{avo + hve) < Pa' + ^ 

a,beM ^V V 



where Ja is as in (12.10p and fo(x) = {y^^^)^^- uq{x) . 
Before proceeding to prove this we need to calculate few estimates. 
Setting, e"^ = fj, we find = '^'■'^''jv_2 =: /i'^w 

Now let us recall some results from [1] 

N 

(iii) |w^|^*2*miv^ = ^ + 0(1] 



Now using (i), (ii), (iii) and the fact that has support in B{0,R) where 
< 1 we can compute the following estimates 



1- \^^e\l2mN) = S2 +0(/i 2 



2- |(Tr^)t;£|i2Biv = C'2/i + 0(/i^'; 



3. |^^£|^*2*^BiV^ = '5 2 +0(^2 



4. |t^e|Li(B^^) < CgyU 



iV-2 
4 
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For proof of (4) and (5) see appendix. Taking 6 = 0, a = 1 we can see 
that sup J\{avQ + hv^) > and J\{t{avQ + hv^)^ < while \t\ — >■ oo and 

a,6eM 

a, 6 to be fixed. Therefore it is enough to consider sup J\{avo + bv^) 

\a\,\b\<K 

where K is chosen sufficiently large. Therefore using the above estimates 
and Ix{uo) = Jx{vo) we get 



If ~ 2 
Jx{avo + bve) = 7^/ [l^^ {avo + bve)]"^ - X{- —f{avo + bvef]dx 

Z J^N 1 — \X\ 

[\avo + bve\^ dx 



1 

2* 



< y / {\Vvo\'-My^Jvl)dx 

Z J-g^N 1 — \X\ 



b' /• ,0 r. 2 



+ - / {\Vv,\' - X{,^^rvt)dx 



1 - X 



+ / [V{avo) ■ V{bve) - A( ^ Yavobv^] dx 

— f \vo\^ dx — ^ f \vs\^ dx 

2* Jm^ 2* J^N 

+ Ki [\bVe\^*^\^^gN)\0'VQ\L^ + \bVe\LA'^Vo\^^~^] 

2 

+ ii'2[|&^^£|Li|A(avo)|Loo + |A(-— — p-|^)^6v£|Li|avo|L°°] 

1 



1 JV 

< —(S^+S^)- C5II + i^3ko|L-(S(0,R))/^ 4 



Now taking e to be small enough we can conclude Jx{avo+bvs) < jf{S-)^ +S~) 
since we have N >7 and 11 = e^. 



6 Appendix 

In this appendix we will recall a few facts about the Hyerbolic space, espe- 
cially the disc model. For proofs of theorems and a detailed discussion we 
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refer to 

Disc and Upper half space model. We have already introduced the Disc 
model. The half space model is given by (-ff?^, g) where = {(xi, ...xn) G 
R'^ : Xn > 0} and Qij = ^Sij. 



N 



The map M : iH"" ^ given by 



1 - r2 - 1 


z\ 


2 


(l + r)2 + 


\z 


2 



M{x) := ( , Tr-ZKTTTZI^. ) (6-30) 



where x G IH^ is denoted as (2;, r) G ^ x (0, 00), is an Isometry between 

and with M"! = M. 
The Hyperbolic distance in B^. The Hyperbolic distance between G 
B^ is given by 

d^N{x,y) = cosh-\l + — — — -) 

We define the hyperbolic sphere of B^ with center b and radius r > 0, as the 
set 

5B^(6,r) = {xGB^:4iv(&,x) = l} 

It easily follows that a subset S of B^ is a hyperbolic sphere of B^ iff S* is a 
Euclidean sphere of and contained in B^ probably with a different center 
and different radius. 

Isometry group of B^. Let a be the unit vector in and t be a real 
number. Let P{a,t) be the hyperplane P{a,t) = {a; G : x.a = tj.The 
reflection p of in the hyperplane P{a, t) is defined by the formula p{x) = 
X + 2{t — x.a)a. 

Now let h G and r is positive real number, then the reflection a of 
in a sphere S{b,r) = {x G : |x — 6| = r} is defined by the formula 
a{x) = b+{j^^nx-b). 

Let us denote the extended Euclidean space by, := U 00. 



Definition 6.1. A sphere S o/R^ is defined to be either a Euclidean sphere 
S{a, r) or an extended plane P{a, t) = P{a, t) U {00}. 

Lemma 6.1. Two spheres o/M^ are orthogonal under the following condi- 
tions: 
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The spheres P{a,r) and P{b, s) are orthogonal iff a and b are orthogo- 
nal. 



• The spheres S{a,r) and P{b, s) are orthogonal iff' a is in P{b, s). 



• The spheres S{a, r) and S{a, r) are orthogonal iff \a — 6p = + s^. 
For a proof see [12], Theorem 4.4.2 . 

With these definitions we have the following characterisation of the isometry 
group of B^. Again we refer to [12] for a proof. 

Theorem 6.2. Every element o//(]B^) is a finite composition of reflections 
ofM.^ in spheres orthogonal to S^~^. 

Hyperbolic Translation. Let S{a, r) be a sphere in with = |ap — 1, 
therefore S{a,r) is orthogonal to S^^^. Let cTq be the refiection of in 
S{a, r) and pa is the refiection of in the hyperplane a.x = 0. Using 
Lemma 16.11 and Theoren l6.2l we get cxa o Pa is an isometry of . Define 
a* = 7^. Then we get 



In particular, (Tq o Pa{0) = a*. 

Let b be any nonzero point in B^, and b* = a{say). Then \a\ > 1 and a* = b. 
Now if we take r = (|ap — 1)^, then S{a, r) is orthogonal to S'^^^ by Lemma 
16. 1[ Therefore we can define a Mobius transformation of B^ by the formula 



(|ap - l)x + {\x\^ + 2x-a* + l)a 



X + a 



n = (^b* o Pb* ■ 



I.e. 



,* 12 



l)x + {\x\'^ + 2x ■ b + l)b* 
\x + b* P 



Tb{x) 



Therefore in terms of b we can write 



Tb{x) 



{1 - \b\^)x + {\x\^ + 2x ■ b + l)b 

|6|2|x|2 + 2x-6+l 
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As Tf, is the composition of two reflections in hyperplanes orthogonal to the 

A A' 

■|6|' |6h 



line ( — ifr, ifr), the transformation t;, acts as a translation along this line. We 



define tq to be the identity. Then n{0) = b for all b e B^. The map Tb IS 
called the hyperbohc translation of by b. 

Lemma 6.3. (i) IvsIl^wn) < C^ii^ (ii) \ve\^^^'^^,^r,. < C4/i^ 



_/Y_2 

Proof, (i) IwsIli = /^~^ I'it'AilLi- now using </? — 1 = near we get 

(p{x) — 1 f dx 



(/x+I^P) 2 JB^(/x+|a;p) 2' 



0(l) + C/x where C= / — 



JV-2 
2 



Hence Iveli^ — 0{fj,~^) + Cfj,^' < C^fj,^' 

/••M |2*-1 ^+2 I |2*-1 

(ii)P£li2*-i(BiV) = ^ |W;,|^2*-i- now 

I |2*-1 _ / Vi^f'^ - 1 ^ , / 

dx 



= 0(l) + C/x-^ where C= / - 

I |2*— 1 ^/ Af+2 . Af-2 Af-2 

Hence |'i;£|^2*-i(BJV) = ^^(A* * ) + ^-^A* * < (^4A« * Q 
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